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Abstract

Despite the rapid development of optimization techniques, there are still practical multi-
objective optimization problems hard to solve, e.g., the large-scale portfolio selection or
intensity modulated radiation therapy planning. An effective search among potential deci-
sions to such problems can be time consuming or even beyond allotted limits.

To account for this, we propose an interactive multiple criteria decision making scheme
with a mix of exact and approximate optimization methods. In that concept, a relatively
small set of efficient solutions, so-called shell, is derived by an exact method before the
decision making process begins. A shell provides for lower and upper bounds on values of
objective functions of efficient decisions and such bounds are easily calculable. During the
interactive-iterative decision process such bounds are calculated for decisions corresponding
to the decision maker’s temporal preferences. Such bounds serve in the decision making
process as replacements for the exact values of the objective functions. Bounds stemming
from a shell, if not tight enough to conduct the decision process, can be strengthened by
lower bounds provided by so-called lower shells, i.e., sets of feasible decisions approximating
the set of efficient decisions, derivable by a population based (inexact) method.

We illustrate the operations of the scheme on a selected test problem.

Keywords: Multiple criteria decision making, large-scale multi-objective optimization,
approximate computations, Pareto frontier navigation.

1. Introduction

In almost all practical decision problems, the decision maker (DM) has to evaluate
decision variants (decision alternatives or decisions), considering more than one criterion
(objective function) at the same time. Many of them are difficult to solve without
the assistance of computer methods. For example, the choice of “the best” radiation
therapy plan (assuming that the decision problem is formulated with multiple criteria)
for a patient is practically impossible without the use of computers and optimization
techniques (see Kiifer et al. [20]). Such decision problems occur in many areas, e.g.,
engineering, health care, retailing, financial investments. They are called multi-objective
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optimization (MOO) problems. In our work, we focus on complex MOO problems, where
the use of optimization techniques is necessary to solve them.

In order to solve an MOO problem, among all its Pareto solutions (efficient decision
variants or simply — efficient decisions) the DM has to select one Pareto solution that
best fits his/her preferences. We make a rational assumption, that only Pareto solutions
(the Pareto set) are the DM’s focus. The DM does make an evaluation of Pareto so-
lutions (elements of the decision space) by their outcomes (images of Pareto solutions
in the outcome space, specified by values of criteria functions — the Pareto frontier).
For complex MOO problems, the Pareto set is usually numerous (for combinatorial opti-
mization problems) or infinite (for continuous optimization problems), and the DM needs
some support in navigating over the Pareto frontier to point out its interesting regions,
and eventually make the decision. The decision is made, when the DM selects exactly
one Pareto solution.

By years, many multiple criteria decision making (MCDM) methods have been pro-
posed to solve complex MOO problems (see Branke et al. [3]; Miettinen [24]). Among
them, so-called interactive MCDM methods seem to be most rational, as they fully sup-
port Herbert Simon’s decision making scheme (see Kaliszewski et al. [17]). In these
methods, only a number of Pareto solutions is presented to the DM for the evaluation
during the decision making process. In this process, his/her preferences are revealed
gradually, step by step (by the interaction between the DM and the decision problem,
and accumulating the knowledge about the problem). The process terminates when
the DM selects his/her the most preferred Pareto solution (the most preferred decision
variant). A decision about terminating the process is a sovereign decision of the DM.
Therefore, the number of Pareto solutions the DM wish to evaluate, in order to reveal
his/her preferences, is a priori unknown. One of the most known interactive MCDM
method is the reference points method (see Wierzbicki [32]).

In the interactive MCDM methods, the derivation of even a relatively small subset of
the Pareto set may be problematic for difficult to solve MOO problems. These difficulties
may by caused by, e.g., a large number of decision variables or criteria functions, a shape
of the feasible set (determining the set of feasible decisions), time needed to calculate the
values of criteria functions for a given decision variant (see Shan, Wang [29]). To solve
such problems one may need a specific (maybe costly) optimization software or a help of
third-parties offering commercial optimization services. In general, solving such difficult
problems might be costly.

An MOO problem for which the cost of the derivation of a subset of its Pareto set
cannot be ignored during the decision making process, we call further a large-scale MOO
problem. We want to emphasize, that in the interactive MCDM methods, Pareto solutions
are determined by solving a number of single-objective optimization problems using so-
called scalarization techniques (see, e.g., Miettinen [24]). Such (exact) computations may
be costly, which should be taken by the DM into account in case of large-scale MOO
problems, especially, when he/she wishes to evaluate many Pareto solutions during the
interactive decision making process.
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An alternative to determining (exact) Pareto solutions in interactive MCDM meth-
ods, used to solve large-scale MOO problems, is to use approximate (inexact) meth-
ods, e.g., evolutionary single-objective optimization (ESO). ESO methods belong to the
broader class — heuristic single-optimization optimization (HSO) methods. Many HSO
methods have been proposed to solve single-optimization problems with constraints, to
name a few: genetic algorithms (see Goldberg [9]; Michalewicz [23]), the tabu search
method (see Glover, Laguna []]), particle swarm optimization (see Kennedy, Eberhart
[19]). To derive an approximate Pareto solution, the single-objective optimization prob-
lem should be solved by a selected HSO method. The main advantage of HSO methods
is their versatility — they work with any kind of objective and constraint functions.
HSO algorithms are relatively easy to implement. Using them to solve practical single-
optimization problems is relatively cheap, but they derive (in general) only approximate
solutions. This is the main drawback of these methods — one is never sure how far the
exact solution is. Even if they work well for sets of the test problems (benchmarks),
there is no guarantee that they give a good (in a sense) approximation of the exact solu-
tion to a given problem. In other words, the DM may reveal his/her preferences during
the decision making process, evaluating only (maybe rough) approximations of Pareto
solutions, found by the used HSO method. This may, however, result in making a bad
decision.

In the interactive MCDM methods, also heuristic multi-objective optimization (HMO)
solutions are used (counterparts of mentioned above HSO methods), e.g., evolutionary
multi-objective optimization (EMO) (see Branke et al. [3]). EMO methods are used to
derive approximations of potentially interesting for the DM parts of the Pareto frontier.
Such preference driven EMO methods allow to derive, for the evaluation by the DM,
a number of non-dominated solutions. It allows to avoid the derivation of an approx-
imation of the whole Pareto frontier. Incorporation of the DM’s preferences in EMO
algorithms has been proposed in many works during the last decade (see, e.g., Filatovas
et al. |7]; Jain, Deb |10]; Ruiz et al. [28]). An example on how to control the behaviour
of EMO algorithms by the DM’s preferences has been proposed in, e.g., Thiele et al. [31].
A practical application of the preference-based EMO algorithm, called R-NSGA-2, to
solve an engineering planning problem is presented in, e.g., Mohammadpour et al. [26].
However, due to the use of approximate computations, only elements located maybe not
to close to the Pareto frontier are at the disposal of the DM. Therefore, HMO meth-
ods (in general) have the same drawback as HSO methods. Despite of this drawback,
interactive MCDM methods with HMO methods seem to be good candidates in solving
(or helping to solve) large-scale MOO problems. Researchers are aware of usefulness of
heuristic methods (especially EMO) in solving large-scale MOO problems, but they also
know their limitations (e.g., slow convergence to the Pareto frontier). Therefore, they
propose hybrid optimization schemes (or frameworks), as, e.g., in Sindhya [30], where a
local search algorithm supports MOO algorithms.

There are also other methods, which are used to limit a number of exact optimization
calculations in the literature, e.g., methods with surrogate models (see Jones et al. [11]).
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A statistical model (Kriging) is applied in to facilitate feasible solution set sampling in
a quest for the Pareto frontier (see Bradley [2]).

In general, all above mentioned heuristic approaches to solve MOO problems have
the same drawback. They are not capable to give the DM information on how far from the
Pareto frontier efficient outcomes lie. The lack of this information, may bias the decision
making process and, in consequence, causes that the DM non effectively searches over
the Pareto frontier.

An attempt to limit the number of derived Pareto solutions in the interactive decision
making processes, and give the DM information where its outcomes actually lie was taken
in Kaliszewski [12]. This method allows to calculate the lower and upper bounds on values
of criteria functions of an implicitly given (by so-called vector of concessions) Pareto
outcome. In this method, prior to the start of the decision making process, a number
of Pareto outcomes (so-called shell) is derived by solving single-optimization problems.
On the basis of a shell, the lower and upper bounds on values of criteria functions of an
implicitly given Pareto outcome (parametric bounds) can be calculated (with the use of
simple, arithmetic formulas). The evaluation of an implicitly given Pareto outcome is
made by the DM on the basis of these bounds. The bounds precisely define a region in
the outcome space, where the Pareto outcome may be located. To get tighter bounds one
can add more Pareto outcomes to the shell, by solving a number of single-optimization
problems. In the extreme case, the whole decision making process may be conducted
with a relatively small shell, but for the price of using low-precision assessments of
implicitly given Pareto outcomes. In case of large-scale MOO problems, the cost of the
shell elements’ derivation (by costly optimization methods) may be significant, if the
DM wishes to use high-precision assessments. The method is universal, because it gives
the DM information where Pareto outcomes may lay, regardless of the type of a given
MOO problem. There are other methods, which can give the DM such information in the
literature, but they are tailored to some classes of MOO problems, e.g., sandwich-type
algorithms for convex problems (see Rote [27]), the non-uniform covering method for
problems with the Lipschitz type information (see Evtushenko et al. [6]).

In Miroforidis [25] (see also Kaliszewski et al. [16]), a modification of the Kaliszewski’s
method has been proposed, by replacing shell with a pair of lower shell (consisting of fea-
sible elements of the optimization problem) and upper approximation (consisting of un-
feasible elements). Lower shells and upper approximations are derived by EMO methods,
hence the necessity of (exact) solving optimization problems during the decision process
has been eliminated. This method was used, e.g., to solve mechanical design problems
(Kaliszewski et al. [18]). However, there may exist MOO problems for which upper
approximations (a base for upper bounds calculations) do not exist (see Kaliszewski,
Miroforidis |15]). To overcome this barrier, we propose the modification of this method,
which may be used to solve large-scale MOO problems, taking into account the cost of
exact optimization calculations. In the proposed method, parametric bounds of implic-
itly given Pareto outcomes are also used, but the upper bounds are calculated with the
use of shells (derived by exact computations), and the lower bounds — with the use of
shells or lower shells (derived by approximate EMO computations). The improvement of
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bounds’ quality may be achieved by smart modifications of the lower shell, used in the
decision making process. The only assumption in this method is as follows: only a rela-
tively small shell is to be derived (the cardinality of the shell is limited by a given budget
for exact optimization calculations) prior to the start of a decision making process.

The hybrid method of solving large-scale MOO problems we propose in this work, is
a mix of exact and approximate methods. We use popular EMO computations, but we
also give the DM a valuable information about the so-called optimality gap, so he/she is
able to control the decision making process, on the basis of precisely defined assessments
of efficient outcomes, and — indirectly — control the behaviour of used EMO algorithm.
Therefore, our work fits well with current trends in hybridization of EMO algorithms and
incorporation of the DM’s preferences in these class of algorithms. The use of so-called
two-sided Pareto frontier approximations (derived by exact and inexact methods) during
the decision making process we propose, is a novel approach, especially when the exact
optimization cost should be taken into account.

The paper is organized as follows. In the next section, we present a generic multiple
criteria decision making methodology. In Section 3, the concept of parametric bounds on
components of implicitly given Pareto outcomes is presented. In Section 4, we present
our interactive MCDM scheme of solving large-scale MOO problems with the use of
parametric bounds. In Section 5, we illustrate how the method works on a selected test
problem. In Section 6, we discuss the practical aspects of the presented method as well
as its limitations. The last section contains a summary of results and possible future
works.

2. The Multi-Objective Methodology

Let = denote a (decision) variant (solution), X a space of variants (decision space),
Xo a set of feasible variants, Xo € X . Then the multi-objective optimization problem
is:

vmaz f(x)
subject to:
z € Xy, (21)

where f : X = RF, f = (f1,....fx), fi : X = R, i =1,....k, k > 2, are objective
functions (criteria functions or simply criteria); vmax denotes the operator of deriving
all efficient (as defined below) wariants in Xo. Let Z = f(Xo) = {f(z) | = € Xo}.
Elements of set Z are called outcomes, and space R¥ — the outcome space.

We say that variant x dominates variant v, z,v € X, if f;(z) > fi(v), i =1,... k,
and f;(z) > f;(v) for some j € {1,...,k}. We call variant = dominating variant (and its
outcome — dominating outcome), and variant v — dominated variant (and its outcome
— dominated outcome). Any non-empty subset V' of X composed of variants which are
not dominated in V' we call non-dominated set of variants (and its image in the outcome
space — non-dominated set of outcomes).



304 JANUSZ MIROFORIDIS

Variant Z of Xy, is efficient (or Pareto optimal), if fi(z) > fi(x), i = 1,...,k,
x € X, implies f(z) = f(Z). Outcomes of efficient variants (non-efficient variants) are
called efficient outcomes (non-efficient outcomes). The set of all efficient variants in set
Xo we call Pareto set, and its image in the outcome space — Pareto frontier.

It is a well-established result (see Ehrgott [5]; Kaliszewski [13]; Miettinen [24]) that
variant Z is efficient (actually, variant Z is properly efficient, for a formal treatment of
this issue see Ehrgott [5]; Kaliszewski |13]; Miettinen [24]), if and only if, it solves the
optimization problem

min max Aif(y; — fi(x)) + pet(y* = f ()], (2.2)
where \; > 0,i=1,...,k, ef = (1,...,1) and y* is such that y} > fi(z),i =1,...,k, x €
Xo.

By the “only if” part of this result no efficient variant is excluded from being derived
by solving an instance of optimization problem (2.2]). In contrast to that, maximization of
a weighted sum of objective functions over Xy does not possess, in general (and especially
in the case of problems with discrete variables), this property.

Besides the potential ability to derive each efficient variant, optimization problem
([22]) provides for an easy and intuitive capture of the DM’s preferences. Observe that
element g, where §; = maxzex, fi(x), i =1,...,k, represents maximal values of objective
functions which can be attained if they are maximized separately.

To assists the DM in the search for the most preferred variant one can employ the
optimization problem (Z2]). Here we assume the minimum of the DM rationality, namely
we assume that the decision maker prefers an efficient variant to a non-efficient one.

Suppose that an element x € X such that § = f(x) does not exists which is rather
a standard with conflicting criteria (otherwise, = is the most preferred variant). Then,
the DM knows that whatever efficient variant he/she selects, he/she has to compromise
on values of objective functions f; with respect to values g;, ¢ = 1,...,k. Due to some
formal reasons (see formulas (23] and (2.4])), we assume that the decision maker has
to compromise on values of objective functions f; with respect to values y; = §; + ¢,
i=1,...,k, &>0. With arbitrary small values of ¢, the difference between y* and § is,
especially in practical applications, negligible. He/she can define his/her acceptable com-
promises on values y;, i = 1,...,k, and search for an efficient variant which corresponds
to this compromise in three ways:

1. providing a wvector of concessions T,
2. providing a reference point y"¢/,

3. providing weights \;, i =1,... k.

Way 1. Components of a vector of concessions 7 > 0 (7 € RF) specify concessions the
DM accepts to make with respect to y;, i« = 1,...,k. Components of vector 7 can be
defined in absolute values (“the DM is willing to make a concession of z; units on the
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value yf, i =1,...,k”) or in relative values (“the DM is willing to make a concession of
z; per cent on the value yf, i =1,...,k").

Way 2. A reference point y™*f (y"f € RF, yfef <y i=1,...,k), (it is irrelevant
whether there exists an element x € Xg such that "/ = f(z) or not) specifies explicitly
a compromise between values of objective functions f; with respect to values ¥y}, i =
1,...,k, which the DM regards as agreeable. A reference point specifies indirectly a
vector of concessions:

=y -y i=1,.. k. (2.3)

Way 3. An experienced DM can define a vector of concessions 7 in terms of weights
Ai >0,4=1,...,k, in optimization problem (2.2)). Vector of concessions 7 and vector
of weights A are related by formula (24]).

The optimization problem (2.2)) if solved with

No=(m)7Y i=1,...k, (2.4)
has the following property:

- it finds an efficient variant x such that f(x) is on half line y = y*—t7, ¢t > 0, whenever
such a variant exists;

- otherwise, it finds an efficient variant x such that
max A;[(y; — fi@) + pet(y" — [(2))] = max Xil(y; — i) + pe*(y™ — D)),

where ¢ is on half line y = y* —tr, t > 0.

3. Parametric Bounds on Components of Efficient Outcomes

The concept of parametric bounds on efficient outcomes’ components is crucial to
the interactive decision making scheme for MOO problems, proposed in the next section.
Below, we give a short description of this concept (for more details see: Kaliszewski [12];
Kaliszewski [13]; Kaliszewski et al. [14]).

Given vector of concessions 7 (the search direction), let us denote by y(7) an efficient
outcome which would be derived if optimization problem (2.2)) was solved with \; =
()7 i =1,...,k. We call y(r) implicit efficient outcome (implicit Pareto outcome).
Element x(7) € Xy, f(x(7)) = y(7), we call implicit efficient variant (implicit Pareto
variant). We call shell a finite non-empty set of efficient outcomes, derived by solving
a number of optimization problems (2.2)) for different A vectors. We call lower shell a
finite non-dominated set of feasible outcomes. Elements of the lower shell can be derived
with the use of approximate optimization methods.

For given vector of concessions 7, lower shell Sy, and shell S, parametric bounds on
components of implicit efficient outcome y(7) are given by inequalities:

Li(SL7T) S yZ(T) S Ui(S,T), 1= 17 .. 7k’ (31)
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Formulas for calculating bounds L;(Sy,7) and U;(S, 7) are relatively simple. They
contain only arithmetic operators and operators of deriving minimal and maximal ele-
ments in a set of numbers. In order to obtain the correct values of upper bounds, one
has to use shells. It is worth observing, that any shell is also a lower shell, hence the
values of lower bounds can be calculated with the use of shells. We call the lower and
upper bounds on components of y(7) assessment of y(7). The idea of parametric bounds
for k = 2 is illustrated in Figure [l The solid line is a Pareto frontier, circles represent
a shell’s elements, and dots — implicit efficient outcome y(7). The search direction
(depending on y* and 7) is represented by a dashed line. The corners L and U of the
rectangle represent, respectively, lower and upper bounds on components of y(7), and
the rectangle itself represents a region, where outcome y(7) is located.

A
£® Ay

//y=y*—tr,t>0

N

i)

Figure 1: An illustration to the concept of parametric bounds.

For given shell S and vector of concessions 7, to get better upper bounds on values of
yi(7) one has to add new elements to S. For given lower shell S, and vector of concessions
T, to get better lower bounds on values of y;(7) one can do it by adding new elements
to Sr, and eliminating dominated elements in this new set. Direct observation from the
lower bounds formulas (see Kaliszewski et al. [14]) is as follows. Given lower shell {s}
and outcome w for which inequality max; \;[(y} — w;) + pe¥(y* — w)] < max; \i[(y} —
s;) + pef(y* — s)], with X defined by ([24) holds, then L;({s},7) < Li({w},7) < u(7),
1=1,...,k.

Assuming that shell S is given and cannot be changed, obtaining tighter bounds
(B1]) for vector of concessions 7 is possible only by modifications of given lower shell S7,.
It follows from the lower bounds formulas, that by the derivation of a set of new non-
dominated feasible outcomes P, located inside the k-dimensional rectangle defined by
bounds L;(Sr,7), U;(S,7), and forming new lower shell Sy, from sets Sy, and P, one may
obtain new (better) lower bounds, such that L;(Sp,7) < L;(S.,7) < yi(r),i=1,...,k.
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To derive set P, any approximate MOO algorithm may be used. The narrowing of the
search space can be done by adding k additional constraints L;(Sr,7) < fi(x) to the
set of constraints defining set Xy. We use this fact in the next section, as a hint for
an EMO algorithm to derive elements of the lower shell which may provide with better
lower bounds for the given vector of concessions. The idea of such an improvement of
lower bounds is illustrated in Figure 2l Elements of the shell (being also a lower shell)
are represented by circles, and they are a source of lower bounds L; and upper bounds
U of the efficient outcome. After deriving a new element (triangle) of the lower shell, we
get better lower bounds L.

A
fo(x) Ay

/’/y:y*—t‘r,t>0

N

fi()

Figure 2: A graphical interpretation of the improvement of lower bounds — the bottom left
corner of the inner rectangle (L) represents better than L; lower bounds on components of
implicit Pareto outcome y(7) (represented by a dot).

4. The Decision Making Scheme for Large-Scale MOO Problems

In Sections 2 and 3, we presented the general MOO methodology and the concept
of parametric bounds on components of implicit Pareto outcomes. Below, we present an
interactive MCDM decision making scheme for solving large-scale MOO problems. The
scheme is not an algorithm (in a formal sense), because it has no formal stopping rule.

Let us assume that for a given budget for exact optimization calculations, a com-
mercial optimization service (COS) derived a relatively small shell S (e.g., by solving a
number of optimization problems (2.2])). The DM would request the shell (not giving the
COS any guides) which is a rough representation of the whole Pareto frontier. Let shell
S contains (at most k) Pareto outcomes needed to calculate element y*. Let Sp := S.
Let assume also, that an approximate MOO optimizer for cheap modifications of Sy, is
at disposal of the DM (or supporting him/her an analytical team). The scheme is as
follows.
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Step 1. The DM evaluates the elements of shell S. If it contains the most preferred by
him /her efficient outcome, the decision process ends. If not, the process continues (Step
2).

Step 2. (The body of one iteration — the evaluation of one implicit Pareto outcome.)

1. The DM chooses preference representation by: vectors of concessions (7), reference
points (y™¢/) or weighting vectors ().

2. The DM presents his/her preferences. Regardless of the DM’s choice in sub-step
2.1, we denote the implicit Pareto outcome by y(7), because appropriate translation
mechanisms from reference points or weighting vectors to vectors of concessions do
exist — see Section 2.

3. The DM evaluates y(7) using its (current) assessment.
4. If the DM is not interested in outcome y(7), go to sub-step 2.1.

5. Outcome y(7) is the DM’s focus. The DM may request a better assessment of y(7).
Repeat the LOOP until: the better assessment of y(7) is sufficient for the DM or it
cannot be derived. LOOP: An attempt is made to derive the better assessment of
y(7) (the approximate MOO optimizer tries to derive new elements of lower shell Sy,
in the region determined by current lower and upper bounds). If the improvement
is not possible, mark that the better assessment of y(7) cannot be derived, else,
if the assessment of y(7) is sufficient for the DM, mark this. END LOOP. The
improvement of the assessment of y(7) may be relatively small (because it can be done
only by the improvement of lower bounds), so the DM may refrain from continuing the
improvement process assuming that he/she obtained the most accurate assessment,
and go to sub-step 2.6.

6. If the assessment of y(7) is sufficient and represents the most preferred Pareto out-
come, an outcome z = arg minyes, max; \;[(y; — i) + pe* (y* —y)] and corresponding
(decision) variant is presented to the DM, as the solution to the decision making
process, and STOP.

7. If the better assessment of y(7) cannot be derived (or the improvement is poor), but,
however, the DM decides that it represents the most preferred Pareto outcome, an
outcome z = arg minyegs, max; \;[(y; —y;)+ pe® (y* —y)] and corresponding (decision)
variant is presented to the DM, as the solution to the decision process, and STOP.

8. The DM wishes to evaluate other implicit Pareto outcome, and go to sub-step 2.1.

The presented scheme is an algorithm-like, but a decision about terminating the
decision process is a sovereign decision of the DM. He/she can terminate it on its any
stage. In sub-steps 6 and 7, by solving optimization problem (2.2)), one could derive and
outcome y(7) (for the vector of concessions, which the best describe the DM’s preferences)
instead of its representation belonging to the final lower shell.
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5. Illustrative Example

To illustrate our concept, we selected the problem of investment in n assets (all risky)
(see Markowitz [21]; Merton [22]). The well-known bi-objective optimization model for
this portfolio investment problem is as follows:

min f)(z) = 27 Qx (minimize variance)
max fo(z) = el z (maximize mean)
T
ur=1
biect t eX:{ ( } 5.1
subject to z 0 I I (5.1)

where € R™, and z; is the fraction of the portfolio invested in an i-th asset, ) € R™*™
is the covariance matrix, e € R™ is the vector of means (expected returns), u € R™ is the
all-ones vector. The “all capital to be invested” condition is represented by constraint
ur = 1, and constraint x > 0 prohibits short sells of assets. In model (5.I)), the first
objective function is to be minimized (variance — a measure of risk is minimized). In
previous sections, we have assumed, that all objective functions are to be maximized,
so we have to maximize objective function fi(x) := ~f (). This substitution is pure
technical — we aim to maximize negative value of variance.

We filled model (5.1]) with data (vector e, matrix @) of the 3-rd portfolio optimization
problem with n = 89 assets taken from the OR-Library (see Beasley [1]). We used the
NSGA-IT algorithm (see Deb et al. [4]) as our approximate MOO optimization engine, and
we launched it on the off-the-shelf laptop (2GHz CPU, 4GB RAM, Microsoft Windows
10 OS).

We illustrate the concept, by conducting the simulated decision making process (with
the fictitious DM), according to the methodology presented in the previous section. Let
us recall, that the main idea of the proposed method is the navigation over the Pareto
frontier evaluating assessments of implicit Pareto outcomes. If the DM wishes better
assessments, we try to improve them by amending the lower shell with the use of an
approximate MOO solver. In order to make use of assessments during the decision-
making process, a (relatively small) shell is to be derived with the use of an exact
optimization method, before the process begins. We aim to illustrate all the steps of the
proposed decision making scheme.

Let us assume that the COS has derived shell S with 7 Pareto outcomes (also taken
from Beasley [1]) which roughly represent the Pareto frontier. For all computations
below, we assume that p = ¢ = 107°. We derive element y* = (—0.000189,0.008219).
Element y* is a combination of the negative value of variance and mean, unattainable
by no element from the feasible set. Elements of shell S and element y* are presented in
Figure Bl

We begin our fictitious decision making process. Below, we assume that y;(7) :=
Yovar (T) = f1(z(7)) and y2(7) = Ymean(T) = fa(x(7)), where z(7) is the solution of
optimization problem (2.2]), if this problem is solved with vector A corresponding to
given vector of concessions 7 (see formula (2.4])).
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Figure 3: Elements of shell S (dots) and element y* (a star).

Step 1. The DM evaluates the elements of shell S on the basis of their outcomes. It
does not contain the most preferred by him /her efficient outcome, so the decision process
continues.

Step 2. (The navigation over the Pareto frontier with the use of assessments of implicit
Pareto outcomes.)

(Iteration 1). Suppose that the DM is willing to make concessions on the (impossi-
ble) best mean-variance combination y* and he/she defines such concessions by (the
vector of) favourable concessions: (1 risk measure units, 5 monetary units). Hence,
7 = (1.000, 5.000). With this vector of concessions the assessment of y(7) is as follows:

—0.00059 < y_yqr(T) < —0.00046
0.00623 < Ymean () < 0.00716.

Assume that the DM wants a more accurate assessment of y(7). To make this, the
team supporting the DM runs the NSGA-II algorithm with additional two constraints
(based on the above lower bounds), narrowing the search space. The algorithm derives
new elements which are added (keeping only non-dominated elements) to lower shell St
With the new lower shell, the assessment of y(7) is as follows:

—0.00054 < y_yqr () < —0.00046
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0.00649 < Ymean () < 0.00716.

Suppose that the DM is not satisfied with this portfolio, because of not acceptable
variance (risk level). The DM continues the Pareto frontier navigation.

(Iteration 2). Suppose that the DM wants to express his preferences by reference points.
The DM specifies explicitly a compromise between variance and mean he/she would like
to achieve or at least to mimic as closely as possible: 3¢/ = (—0.0004,0.006). Hence,
the search direction is specified by vector of concessions 7 = (1.058,11.095). With this
vector of concessions the assessment of y(7) is as follows:

—0.00046 < y_yar (1) < —0.00027
0.00535 < Ymean (7) < 0.00623.

Assume that the DM wants a more accurate assessment of y(7). To make this, the
team supporting the DM runs the NSGA-II algorithm with additional two constraints
(based on the above lower bounds), narrowing the search space. The algorithm derives
new elements which are added (keeping only non-dominated elements) to lower shell Sy.
With the new lower shell, the assessment of y(7) is as follows:

—0.00043 < y_yqr(7) < —0.00027
0.00567 < Yumean (T) < 0.00623.

Assume that the DM wants again a more accurate assessment of y(7). The NSGA-II
algorithm derives new elements of the lower shell, and the assessment of y(7) is better
than previously:

—0.00041 < y_yqr(7) < —0.00027
0.00585 < Ypmean (7) < 0.00623.

Suppose that (despite of the better assessment) the DM is not satisfied with this portfolio,
because of not acceptable variance (risk level). The DM continues the Pareto front
navigation.

(Iteration 3). The DM has gained a significant knowledge about the decision problem
already, and he/she wants to express his/her preferences by reference points again. The
DM specifies explicitly a compromise between variance and mean he/she would like to
achieve or at least to mimic as closely as possible: y"¢f = (—0.00025,0.004). Hence,
the search direction is specified by vector of concessions 7 = (0.308,21.095). With this
vector of concessions the assessment of y(7) is as follows:

—0.00027 < y_yar () < —0.00020
0.00257 < Ymean () < 0.00470.

Assume that the DM wants a more accurate assessment of y(7). To make this, the team
supporting the DM runs the NSGA-II algorithm with additional two constraints (based
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on the above lower bounds), narrowing the search space. The algorithm derives new
elements which are added to lower shell S;. With the new lower shell, the assessment of
y(7) is as follows:

—0.00025 < y_yqr(T) < —0.00020
0.00372 < Ymean () < 0.00470.

Suppose that the DM is not satisfied with this portfolio, because of not acceptable mean
(expected return). The DM continues the Pareto front navigation.

(Iteration 4). The DM wants to express his/her preferences by reference points again.
The DM specifies explicitly a compromise between variance and mean he/she would like
to achieve or at least to mimic as closely as possible: 4™/ = (—0.0003,0.006). Hence,
the search direction is specified by vector of concessions 7 = (0.558,11.095). With this
vector of concessions the assessment of y(7) is as follows:

—0.00037 < Y—yar(7) < —0.00027
0.00470 < Ypmean () < 0.00623.

Assume that the DM wants a more accurate assessment of (7). To make this, the team
supporting the DM runs the NSGA-II algorithm with additional two constraints (based
on the above lower bounds), narrowing the search space. The algorithm derives new
elements which are added to lower shell S;,. With the new lower shell, the assessment of
y(7) is as follows:

—0.00034 < y_yar () < —0.00027
0.00525 < Ymean () < 0.00623.

Suppose that the new assessment is accurate for the DM and he/she considers the implicit
Pareto outcome, represented by this assessment, as the most preferred one (the most
preferred combination of risk and expected return). The solution to the decision making
process is outcome (—0.00034,0.00525) = arg minyes, max;c(; 2} Nl (yE —yi) +pek (y* —y)]
and the corresponding portfolio. Vector A depends on the revealed by the DM vector of
concessions 7 according to formula (2.4]). The decision making process terminates.

The final stage of the decision making process is presented in Figure [ (narrowed to
the DM’s region of interest). The dashed line represents the search direction specified
by the last vector of concessions (Iteration 4); shell S is represented by circles, but (all)
elements derived by the NSGA-II algorithm — by dots. Circles and dots represent the
final lower shell. The larger rectangle represents the assessment of y(7) if computed only
with the use of the shell, but the smaller one — if computed with the use of the lower
shell (only for lower bounds calculations) and the shell (the assessment of y(7) calculated
in Iteration 4, the last improvement).

Elements of the lower shell, derived by the NSGA-II algorithm, are probably very
close to the Pareto frontier (see Figure [), but we cannot use them as a base for calcula-
tions of upper bounds. To obtain the correct values of upper bounds one has to use only



INTERACTIVE MULTIPLE CRITERIA DECISION MAKING 313

0.009

A

- 0.008

° A 0.007

“ 0.006

i 0.005

-~ 0.004

((x)2f) ueaw

A 0.003
- 0.002

0.001

» 0

-0.00075 -0.00065 -0.00055 -0.00045 -0.00035 -0.00025 -0.00015

- variance (f; (x))

Figure 4: The final stage of the decision making process.

elements of the shell. To get better upper bounds the derivation of new elements of the
Pareto frontier is necessary.

The NSGA-II algorithm was launched with the number of generations equal to 400,
and the population size equal to 50 (only for the second run of Iteration 2, we used the
population size equal to 100, because 50 was not enough to derive any new element of
the lower shell). The computation time of each run was below one minute.

6. Discussion

As we have seen, the presented illustrative bi-objective optimization problem was not
problematic for the NSGA-II algorithm we used. It derived elements of the lower shell
(in regions specified by lower bounds) quickly, with relatively small values of its two basic
parameters: number of generations, population size. To solve real-life instances of large-
scale multi-objective optimization problems, the use of large values of these parameters
may be necessary. In general, for any heuristic multi-objective optimization method,
wchich may be used in the proposed decision scheme, the derivation of new elements
of the lower shell may be time consuming. In the extreme case, if new constraints (let
us recall, specified by lower bounds) are to strong for the selected method, no new
element would be derived. It depends on the optimization problem or the current stage
of the decision making process (the DM requests better and better assessments). A team
supporting the DM and delivering him/her new assessments of implicit Pareto outcomes
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can switch to another approximate method during the decision making process, if the
selected one is not capable to derive a new lower shell providing better lower bounds.

In the proposed decision making scheme, the shell does not change during the de-
cision making process. If the DM is not able to make a decision on the basis of poor
assessments, he/she would increase the budget for exact computations. After delivering
a new shell by the commercial optimization company, the decision process would begin
again. How good assessments are necessary to evaluate implicit Pareto outcomes? It
depends on the DM and his/her accumulated knowledge about the decision problem
he/she solves. Let us recall that at the end of the decision making process, an outcome
(belonging to the lower shell) and corresponding (decision) variant are presented to the
DM. However, at the end of the process final vector of concessions (corresponding to
the DM’s preferences) is also revealed. It is possible to compute the efficient variant,
specified by this vector, with the use of exact optimization calculations. Such element
could be finally presented to the DM.

The main advantage of the presented decision making scheme is the possibility of
making use of approximate optimization methods, but with precisely defined lower and
upper bounds on implicit Pareto outcomes. Limitations of our method are as follows:
1) for real-life MOO problems, approximate computations may be time consuming, and
unacceptable for the DM; 2) we assumed that the DM is supported by its analytical team
— it may also be costly, especially if the team becomes deeply involved in the decision
making processes (e.g., software development and parametrization).

7. Concluding Remarks

The generic interactive multiple criteria decision making scheme for large-scale multi-
objective optimization problems has been presented. In the scheme, a mix of exact and
approximate optimization methods is used. In the proposed method, a budget for exact
optimization calculations is established, therefore only a limited number of elements of
the Pareto frontier are to be derived during the decision making process. Such efficient
outcomes are derived prior to the start of the decision process. During the Pareto frontier
navigation, the DM reveals his/her temporal preferences evaluating only assessments of
implicit Pareto outcomes, given by vectors of concessions. Such assessments are easy to
calculate with the use of relatively simple formulas. The use by the DM of mathematicaly
defined assessments of implicit Pareto outcomes (instead of their exact values, which
derivation might be costly), is the main advantage of the presented decision scheme in
the context of large-scale multi-objective optimization. Not expensive, heuristic multi-
objective optimization methods, are used in the proposed scheme to improve the quality
of assessments. A heuristic multi-objective optimization solver is controlled by the DM’s
preferences, revealed with the help of assessments.

A simple, but illustrative example of the portfolio selection problem, has been
presented. The ficititious decision making proces has been conducted to illustrate all
the steps of the proposed decision scheme. As a heuristic multi-objective optimization
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method, the NSGA-II algorithm was used. The practical aspects of the proposed method,
have also been discussed.

Further work will cover the following two topics. First, we will concentrate on the

issues of solving real-life large-scale multi-objective optimization problems, and testing
approximate methods as a tool for the improvement of assessments. Second, we would
like to check, how a real DMs make an evaluation of implicit Pareto outcomes with the
use of lower and upper bounds on values of theirs components.
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